This text is an appendix to our work "On the growth of Kronecker coefficients" [1] . Here, we provide some complementary theorems, remarks, and calculations that for the sake of space are not going to appear into the final version of our paper.
A.1. Hook stability, reduced Kronecker coefficients. In this section, we find explicitly bounds for the quantities k 1 , k 2 , k 3 appearing in Theorem 5.2 Theorem A.1. In Theorem 5.2 , one can take
Proof. , so that the identity x a y b z c = u ℓ 1 v ℓ 2 w ℓ 3 holds. Then k 1 (resp. k 2 , k 3 ), as defined above, is the degree of P with respect to the variable u (resp. v, w). We reorder the terms as follows:
where H 0 is a sum of monomials with non-positive degree in u, and H 1 is free of u and X. We now factorize σ[H(−εx, −εy, −εz)] as
and expand each series, except σ[H 0 ]. We get that σ[H(−εx, −εy, −εz)] is equal to
where the sum ranges over all nonnegative integers i, j, k, ℓ. Therefore,
We have h ⊥ i s α = 0 unless i ≤ α 1 , and that e 1 ] is homogeneous of degree j in X and h ⊥ i s α has degree |α| − i, the summand corresponding to i, j, k, ℓ can be non zero only if
This proves that in Theorem 5.2 one can take
By symmetry, it follows that one can also take k 2 = |β| + β 1 + α
More detailed computations show that the coefficient of u
where α is the partition obtained from α by removing its first row (and α ′ is the conjugate of α). This is non-zero if and only if β and γ have at most one column, and α has at most three columns. This is the only case when the bound is reached. 
Proof. From the proof of Theorem 6.1 one can take
Let us perform the change of variables x = uvw, y = vw, z = uw, so that
are the degrees of Q + α,β,γ in the variables, respectively, u, v and w. Let us bound the degree in u of Q + . After the change of variables, we obtain that H(x, y, z) = u 2 vw 2 Y + uH 1 + H 0 where H 1 is free of u and has all its terms of degree at least 1 in X, Y and Z, and H 0 has all its terms of degree ≤ 0 in u. Thus,
and, therefore,
Note that h ⊥ i s β = 0 unless i ≤ β 1 . Moreover the left-hand side of each scalar product in the sum is now a sum of homogeneous symmetric functions all of total degree at least j, while the right-hand side has degree |α| + |β| + |γ| − i. Thus, the non-zero summands fulfill j ≤ |α| + |β + |γ| −i. We conclude that for all non-zero summands, 2i+ j ≤ |α| + |β| + |γ| + β 1 .
Appendix B. Another approach to the hook stability property, derived from Murnaghan's stability and conjugation
Here we detail the arguments sketched in Section 5.3.
B.1. Hook Stability. Recall that the Kronecker coefficients are invariant under conjugation of any two of their arguments:
That is, that the value of the Kronecker coefficient g λ ′ ,µ ′ ,ν does not change by adding one to the first parts of the three indexing partitions:
Conjugating the partitions in position 1 and 2, we obtain that the Kro-
We conclude that under our stability assumption
Similarly, under the corresponding stability hypothesis for the triples (λ ′ , µ, ν ′ ) and (λ, µ ′ , ν ′ ), we have
Let λ, µ and ν be three non-empty partitions with the same weight N. A sufficient condition for the stability of the triple (λ, µ, ν) is N ≥ N 0 (λ, µ, ν) (see (9), in Section 3.1). As a consequence of Lemma 5.6,
2 is also a sufficient condition for a triple of non-empty partitions (λ, µ, ν), all with weight N, to be stable. Let L be the set of triples of partitions of the same weight that fulfill (A2). Let L 4 be the set of triples of partitions (λ, µ, ν) such that all four triples
where, again, N is the weight of the partitions λ, µ and ν.
Fix partitions λ, µ, ν of the same weight N. Let D be the set of all (a, b, c, m) ∈ N 4 such that m ≥ a, b, c and (λ⊕(m−a|a), µ⊕(m−b|b), ν⊕ (m − c|c)) belongs to L 4 . Then, from (A3), it is straightforwardly calculated that D is defined by the system of inequalities:
and N 0 = N 0 ( λ, µ, ν). Inequalities (A3) are just the inequalities (21) with δ i and δ for d i and d. So, proving that the Kronecker coefficients g λ⊕(m−a|a),µ⊕(m−b|b),ν⊕(m−c|c) take only one value for (a, b, c, m) ∈ D, would prove again Theorem 5.6. What we will get simply is that these Kronecker coefficients take at most two values.
Note that D is stable under addition of u 1 = (1, 1, 0, 1), u 2 = (1, 0, 1, 1), u 3 = (1, 1, 0, 1) and u 4 = (0, 0, 0, 1 
. Their difference is a linear combination with integer coefficients of the vectors u i :
This shows that
We conclude that the Kronecker coefficients g λ⊕(m−a|a),µ⊕(m−b|b),ν⊕(m−c|c) for (a, b, c, m) ∈ D take at most two values, one for each value of a+b+c (mod 2). To recover fully Theorem 5.6, it would now be enough to show that for some (a, b, c, m) ∈ D such that a + b + c ≡ 0 (mod 2), we have that the Kronecker coefficients Here we prove that Conjecture 5.10 implies the more general Conjecture 5.11.
But this means
The proof of this implication is based, once again, on the invariance of the Kronecker coefficients under conjugating two arguments, and on Murnaghan's stability (see Section 3.1): for any three partitions λ, µ, ν of the same weight,
Assume that Conjecture 5.10 holds. Let λ, µ and ν be three partitions of the same weight. We have the identity g λ,µ,ν = g λ ′ ,µ ′ ,ν . Using (A4) we get g λ ′ ,µ ′ ,ν ≤ g λ ′ ⊕(1|0),µ ′ ⊕(1|0),ν⊕(1|0) . Conjugating again the arguments in position 1 and 2, we have that g λ ′ ⊕(1|0),µ ′ ⊕(1|0),ν⊕(1|0) is equal to g λ⊕(0|1),µ⊕(0|1),ν⊕(1|0) . Therefore, g λ,µ,ν ≤ g λ⊕(0|1),µ⊕(0|1),ν⊕(1|0) . Likewise g λ,µ,ν ≤ g λ⊕(0|1),µ⊕(1|0),ν⊕(0|1) and g λ,µ,ν ≤ g λ⊕(1|0),µ⊕(0|1),ν⊕(0|1) .
Using these 3 identities, together with (A4), we see that g λ,µ,ν ≤ g λ⊕(m−a|a),µ⊕(m−b|b),ν⊕(n−c|c) for all (a, b, c, m) in the semigroup S generated by (1, 1, 0, 1), (1, 0, 1, 1), (0, 1, 1, 1 ) and (0, 0, 0, 1). This semigroup S is easily determined: it is the set of points (a, b, c, m) ∈ N 4 that fulfill (24) and a + b + c ≡ 0 (mod 2). The set of integer points fulfilling (24) splits in two classes: S in the one hand, and (1, 1, 1, 2) + S in the other hand.
The implication follows now straightforwardly from this.
Appendix C. The generating function for the coefficients B α,β,γ
C.1. Expression involving Schur functions indexed by hooks.
It is proved in Theorem 7.3 that the Schur generating function for the coefficients B α,β,γ is
The following result is stated in Remark 7.4, with no proof. 
Proof. From Cauchy's Formula,
From [3, Ex. 7 .43 with t = 1], s λ [1 − ε] is 1 if λ is the empty partition, 2 if λ is a hook and 0 otherwise. Therefore,
Thus,
From [2, I. §3. Ex. 11 (2) with µ = ∅], we have
where χ is the sum of the power sum symmetric functions as defined in Proposition 7.3. Therefore,
Using again (A6) to rewrite χ[Y Z − X], we get the following formula for the generating function of the coefficients of B:
C.2. Toolbox for other expressions. In order to write in other ways the generating function for the coefficients B α,β,γ , the following formulas may be useful: 
and s λ [2] = (λ 1 − λ 2 + 1) if λ has at most two parts, and is equal to 0 otherwise.
Appendix D. Table of coefficients   Tables 1 and 2 display the coefficients g α,β,γ , A α,β,γ , B α,β,γ and C α,β,γ for all partitions α, β and γ with weight at most 3. Note that g α,β,γ , A α,β,γ and C α,β,γ are invariant under permutation of their three indices. This is why the table gives their values only for α ≥ β ≥ γ, where the order ≥ is the degree lexicographic ordering. The coefficients B α,β,γ is only invariant under permuting its last two indices.
These coefficients where calculated by series expansion of the generating series and using SAGE [4] . 
